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Abstract
We propose a novel mixed displacement-pressure formulation based on an energy functional that
takes into account the relation between the pressure and the volumetric energy function. We demon-
strate that the proposed two-field mixed displacement-pressure formulation is not only applicable for
nearly and truly incompressible cases but also is consistent in the compressible regime. Furthermore,
we prove with analytical derivation and numerical results that the proposed two-field formulation is
a simplified and efficient alternative for the three-field displacement-pressure-Jacobian formulation
for hyperelastic materials whose strain energy density functions are decomposed into deviatoric and
volumetric parts.
Keywords: Finite element analysis; Hyperelasticity; Incompressibility; Mixed formulation;
Be´zier elements
1. Introduction
Hyperelastic models are the widely used constitutive equations for rubber-like polymers and soft
tissues, and these models are the building blocks for the constitutive relations of fast-growing soft
and smart materials such as electroactive and magnetoactive polymers. The deformation behaviour
of materials modelled with hyperelastic constitutive equations ranges from the compressible regime
in which materials undergo significant volumetric changes to the incompressible regime where the
volumetric change is zero.
Hyperelastic models in the incompressible regime require sophisticated finite element formula-
tions for computing accurate numerical results. In the literature, there exist various techniques for
addressing the issue of incompressibility. For the truly incompressible case, the mixed displacement-
pressure formulation is the only computationally-efficient option, which, however, results in saddle-
point problems [1–5]. To overcome the numerical issues in solving saddle-point problems, the widely
followed approach in computational solid mechanics is to impose the incompressibility constraint
weakly using quasi-incompressible approximations. Some popular approaches for simulating quasi-
incompressible hyperelastic materials are F -bar formulation [6, 7], enhanced-strain method [8], av-
erage nodal strain formulation [9, 10], reduced integration method with hourglass control [11, 12],
enhanced assumed strain (EAS) methods [13, 14], the two-field displacement-pressure formulation
[3, 4, 15], the three-field formulation [16], mixed stabilised formulations [17–25], energy-sampling
stabilisation [26, 27], least-squares formulations [3, 28–31], F -bar projection methods [32]. Some
noteworthy recent contributions to incompressible and quasi-incompressible computational solid me-
chanics are in [27, 33–50, 86].
While the two-field mixed displacement-pressure formulation based on the perturbed Lagrangian
approach, cf. [3, 4, 15, 51, 52], yields accurate results for the nearly and truly incompressible models,
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the accuracy of results deteriorates for problems that undergo significant stretches in the compressible
regime, i.e., for Poisson’s ratio, ν ≤ 0.4. This deterioration of accuracy is due to the absence of
the relation between the pressure and the volumetric energy function in the perturbed Lagrangian
approach. Although such an issue can be overcome by employing the weak statement for the two-field
mixed formulation [5, 20, 22], this approach results in unsymmetric matrix systems for the majority
of volumetric energy functions. Note that any solver for unsymmetric matrices is expensive when
compared to the one for symmetric matrices. Although a mixed displacement-pressure formulation
using complementary energy functions yields symmetric matrix systems, the difficulties associated
with computing the complementary energy functions limit the applicability of such a formulation to
a few simple volumetric energy functions [87].
The three-field mixed displacement-pressure-Jacobian formulation is one of the widely-used nu-
merical approaches in recently emerged computational electromechanics and magnetomechanics for
rubber-like materials [53–61]. The formulation takes into account the relation between the pressure
and the volumetric energy functional and also results in symmetric matrix systems. However, since
the mechanical part of the constitutive models for rubber-like polymers is decomposed into deviatoric
and volumetric parts, the three-field formulation gives no particular computational advantage for such
materials modelling because of the fact that the coupling term between the displacement and Jaco-
bian variables vanishes. Besides, the three-field formulation is not applicable for simulating the truly
incompressible materials.
Recently, Schro¨der et al. [52] proposed a novel consistent two-field mixed displacement-pressure
formulation that is independent of the penalty function. This approach, however, is limited to incom-
pressible and quasi-incompressible cases as it generalises the classical perturbed Lagrangian approach
for different penalty functions in the incompressibility limit. Motivated by the work of Schro¨der et
al. [52], in this paper, we present a new generalised mixed displacement-pressure formulation that
(i) is applicable for compressible, quasi-incompressible as well as truly incompressible cases, (ii)
takes into account the relation between the pressure and the volumetric energy function, (iii) yields
symmetric matrix systems irrespective of the volumetric energy function, and (iv) proves to be an
efficient alternative for the three-field formulation. Such a consistent formulation is necessary for
simplified implementations and for viscoelastic and elastoplastic material models in which the defor-
mation behaviour can vary between compressible and incompressible regimes during the course of a
simulation.
This paper is organised as follows. The basics of finite strain elasticity are introduced in Section
2. The mixed displacement-pressure formulation based on the perturbed Lagrangian approach and the
issued associated with it are discussed in Section 3, followed by the displacement-pressure formula-
tion based on the weak Galerkin statement in Section 4. The proposed mixed displacement-pressure
formulation is derived in Section 5, and is compared against the well-established three-field mixed
displacement-pressure-Jacobian formulation in Section 6. The accuracy of the proposed formulation
is demonstrated with two numerical examples in Section 7. The paper is concluded with Section. 8
with a summary of observations made and conclusions drawn.
2. Governing equations for finite strain elasticity
2.1. Deformation, strain and stress
With B0 as the reference configuration of the solid body under consideration, and Bt as its new
configuration under the action of external forces, the nonlinear deformation map that takes a point
X ∈ B0 to a point x ∈ Bt is denoted as X : B0 → Bt. Now, the displacement field (u) and the
deformation gradient (F ) are defined as
u := X (X)−X = x−X, (1)
F :=
∂X
∂X
=
∂x
∂X
= I +
∂u
∂X
, (2)
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where, I is the second-order identity tensor. Two important strain measures that are used in this work
are the right Cauchy-Green deformation tensor (C) and the determinant of deformation gradient (J),
and they are defined as,
C := F T F ; and J := det(F ). (3)
For truly incompressible materials, the deformation of the solid is such that the total volume
change at any point in the domain is zero. This can be represented mathematically as the incompress-
ibility constraint in the finite strain regime as,
J = 1. (4)
For modelling hyperelastic materials in the incompressible finite strain regime, the deformation
gradient, F , is decomposed into deviatoric and volumetric components as
F = Fvol Fdev, (5)
with
Fvol := J
1/3 I, and Fdev := J
−1/3F . (6)
Using the above definitions, the modified versions of the deformation gradient and the right
Cauchy-Green tensor are related as
F := J−1/3 F (7)
C := F
T
F . (8)
In this work, the strain energy function for the hyperelastic materials is assumed to be decomposed
into a deviatoric part, Ψdev, and a volumetric part, Ψvol, as
Ψ(C, J) = Ψdev(C) + Ψvol(J). (9)
Here, the deviatoric part of the function is often represented as a function of the invariants of C and
the volumetric part is only a function of the Jacobian J . For comprehensive details on the widely-used
strain energy functions for hyperelastic materials, we refer the reader to the works of Steinmann et
al. [62], Hossain and Steinmann [63], Hossain et al. [64], Marckmann and Verron [65], Doll and
Schweizorhof [66] and Moerman et al. [67], and references cited therein.
Now, two important stress measures of interest in the present work are defined as
First Piola-Kirchhoff stress tensor, P :=
∂Ψ
∂F
, (10)
Cauchy stress tensor, σ :=
1
J
P F T. (11)
2.2. Equilibrium equations
In the absence of dynamic effects, the balance of linear momentum and the corresponding bound-
ary conditions in the reference configuration are given as
−∇X · P̂ = f0, in B0, (12)
u = uD, on ∂BD0 , (13)
P̂ · n0 = t0, on ∂BN0 (14)
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where, f0 is the body force per unit undeformed volume, n0 is the unit outward normal on the bound-
ary ∂B0, uD is the prescribed value of displacement on the Dirichlet boundary ∂BD0 and t0 is the
specified traction force per unit undeformed area on the Neumann boundary ∂BN0 . Here, ∂BD0 and
∂BN0 are such that ∂BD0
⋃
∂BN0 = ∂B0 and ∂BD0
⋂
∂BN0 = ∅.
In Eqns (12) and (14), P̂ is the effective first Piola-Kirchhoff stress for the mixed formulation,
and is defined as
P̂ :=
∂Ψdev(C)
∂F
+ p J F−T = P + p J F−T, (15)
where,P is deviatoric component of the first Piola Kirchhoff stress which is computed solely from the
deviatoric part of the strain energy function, and p is an independent approximation for the hydrostatic
pressure. For the compressible and the nearly incompressible cases, the pressure is related to the
volumetric energy function via the relation
p =
∂Ψvol(J)
∂J
. (16)
3. Perturbed Lagrangian formulation
For the truly incompressible materials, the volumetric energy function vanishes. Therefore, the
incompressibility constraint given by equation (4) needs to be imposed either strongly by using the
Lagrange multiplier approach or weakly by using the penalty approach. The penalty approach results
in a formulation that consists of displacement degrees of freedom (DOFs) only; therefore, such an ap-
proach suffers from the well-known issues of volumetric locking and spurious pressure fields observed
with the pure displacement formulation. Hence, for the truly incompressible case, the Lagrange mul-
tiplier approach is the only viable choice. In this approach, the Lagrange multiplier becomes an
independent variable for the pressure field.
With p as the Lagrangian multiplier, the potential energy functional is given as
ΠLagMul(u, p) =
∫
B0
[
Ψdev(C) + p [J − 1]] dV − Πext, (17)
where, Πext is the potential energy corresponding to the applied body and surface loads. It is given as
Πext =
∫
B0
uT f0 dV +
∫
∂BN0
uT t0 dA. (18)
To overcome the numerical difficulties in solving the saddle-point problems resulting from the
Lagrangian multiplier approach, the term corresponding to the constraint equation is modified slightly,
and such an approach is known as the perturbed Lagrangian approach [3–5, 15, 51, 88–92]. The
energy functional for the perturbed Lagrangian approach is given by
ΠPerLag(u, p) =
∫
B0
[
Ψdev(C) + p
[
J − 1− p
2κ
]]
dV − Πext (19)
where, κ is the bulk modulus. Note that such a modification introduces slight compressibility into
the model, thus, facilitating a numerical framework for modelling nearly incompressible cases, i.e.,
for ν ≈ 0.5 or equivalently, J ≈ 1.0. For such cases, the difference in the values of p computed
from different volumetric energy functions, as shown in Fig. 1, can be considered to be negligible.
Note also that the energy functional for the perturbed Lagrangian approach (19) reduces to that of
the Lagrange multiplier approach (17) for the truly incompressible case, i.e., for ν = 0.5 for which
κ =∞.
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Figure 1: Variation of p against J for different volumetric energy functions (see Table. 1) in the incompressible
limit, i.e., J ≈ 1.0.
However, despite its suitability for both nearly and truly incompressible materials modelling, the
perturbed Lagrangian approach fails to represent the physical behaviour of the material in the com-
pressible regime. This is due to the lack of accountability for the relation between the pressure and the
volumetric energy function, i.e., p = ∂Ψ
vol
∂J
, in the perturbed Lagrangian approach (19). Because of the
significant differences in the pressure values computed using different volumetric energy functions in
the compressible regime, as illustrated in Fig. 2 for 0.0 < J ≤ 5.0, the perturbed Lagrangian approach
produces incorrect results for problems simulated with compressible material models that experience
severe stretches. To overcome this issue, we propose a new generalised mixed displacement-pressure
formulation that is applicable for compressible, nearly incompressible as well as truly incompressible
cases.
4. Weak Galerkin formulation
The mixed displacement-pressure Galerkin formulation for the finite strain hyperelasticity in the
original configuration can be stated as: find the displacement u ∈ Su and pressure p ∈ Sp such that
for all the test functions w ∈ Tu and q ∈ Tp,∫
B0
∇Xw : P̂ dV +
∫
B0
q C dV =
∫
B0
w · f0 dV +
∫
∂BN0
w · t0 dA (20)
where, Su and Sp are the function spaces for the displacement and pressure, and Tu and Tp are the
corresponding test function spaces. C is the generic constraint that is chosen depending upon whether
the material is truly or nearly incompressible. C is defined as
C := J − 1, for ν = 0.5 (21)
C :=
1
κ
[
∂Ψvol
∂J
− p
]
, for ν < 0.5. (22)
For the finite element analysis, the displacement and pressure fields, u and p, and their test func-
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Figure 2: Variation of p against J for different volumetric energy functions (see Table. 1) for 0 < J ≤ 5.0.
Ψvol p = ∂Ψ
vol
∂J
∂2Ψvol
∂J2
Reference
Ψvol1 =
κ
50
[J5 + 1
J5
− 2] κ
10
[J4 − 1
J6
] κ
5
[2 J3 + 3
J7
] [68]
Ψvol2 =
κ
32
[J2 − 1
J2
]2 κ
8
[J2 − 1
J2
] [J +
1
J3
]
κ
8
[3 J2 + 5
J6
] [69]
Ψvol3 =
κ
2
[J − 1]2 κ [J − 1] κ
Ψvol4 =
κ
4
[J2 − 1− 2 ln(J)] κ
2
[J − 1
J
] κ
2
[1 + 1
J2
] [70]
Ψvol5 =
κ
4
[[J − 1]2 + ln(J)2] κ
2
[J − 1 + ln(J)
J
] κ
2 J2
[J2 + 1− ln(J)] [71]
Ψvol6 = κ [J ln(J)− J + 1] κ ln(J) κJ [72]
Ψvol7 = κ [J − ln(J)− 1] κ [1− 1J ] κJ2 [73]
Ψvol8 =
κ
2
[ln(J)]2 κ ln(J)
J
κ
J2
[1− ln(J)] [16]
Table 1: Volumetric energy functions, and their first and second derivatives with respect to J .
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tions, w and q, are approximated as
w = Nu w, q = Np q,
u = Nu u, p = Np p, (23)
where, u and w are the vectors of displacement degrees of freedom (DOFs), and p and q are the vec-
tors of the pressure degrees of freedom; Nu and Np are the matrices of basis functions, respectively,
for the displacement and pressure fields. Using the above definitions, the gradient and the divergence
of displacement (u) and its test function (w) can be written as,
∇xu = ui,j
=
[
ux,x uy,x uz,x ux,y uy,y uz,y ux,z uy,z uz,z
]T
=
[
∂ux
∂x
∂uy
∂x
∂uz
∂x
∂ux
∂y
∂uy
∂y
∂uz
∂y
∂ux
∂z
∂uy
∂z
∂uz
∂z
]T
= Gu u (24)
∇ · u = ui,i = ∂ux
∂x
+
∂uy
∂y
+
∂uz
∂z
= Du u (25)
∇xw = wi,j = Gu w (26)
∇x ·w = wi,i = Du w, (27)
where, ux, uy and uz are the components of displacement, respectively, in X, Y, and Z directions, and
Gu and Du are the gradient-displacement and the divergence-displacement matrices, respectively.
Gu and Du for a single basis function (Nu), are given as
Gu =

∂Nu
∂x
0 0 ∂Nu
∂y
0 0 ∂Nu
∂z
0 0
0 ∂Nu
∂x
0 0 ∂Nu
∂y
0 0 ∂Nu
∂z
0
0 0 ∂Nu
∂x
0 0 ∂Nu
∂y
0 0 ∂Nu
∂z

T
(28)
Du =
[
∂Nu
∂x
∂Nu
∂y
∂Nu
∂z
]
. (29)
Analogous to the gradient of displacement in Eq. (24), the Cauchy stress tensor is represented in
the vector form as
σ = σij =
[
σxx σyx σzx σxy σyy σzy σxz σyz σzz
]T
=
[
σ11 σ21 σ31 σ12 σ22 σ32 σ13 σ23 σ33
]T
. (30)
Remark I: The formulation can also be written in terms of the symmetric part of the strain and
stress measures by following the Voigt notation, see [2–5, 74]. Such an approach, however, leads
to complications in transforming the fourth- and third-order tensors resulting from the electrical,
magnetic and coupled energy functions in electro- and magnetomechanics problems. For the ease of
computer implementation of the finite element discretization, we present the two-field formulations in
terms of full strain and stress tensors as vectors. The proposed approach avoids ambiguities in dealing
with the derivatives of symmetric and unsymmetric second-order tensors.
Substituting Eqns (23)-(27) in Eqn (20), and invoking the vanishing condition for all the test
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functions, we obtain the following nonlinear equations∫
Bt
GTu σ̂ dv =
∫
B0
NTu f0 dV +
∫
∂BN0
NTu t0 dA, (31)∫
B0
NTp C = 0, (32)
where, σ̂ is the effective Cauchy stress, and it is defined as
σ̂ :=
1
J
P̂ F T =
1
J
P F T + p I. (33)
Assuming the displacement and pressure DOFs at the kth iteration of the Newton-Raphson scheme
are uk and pk, respectively, the corresponding DOFs at the (k + 1)th iteration become
uk+1 = uk + ∆u, (34)
pk+1 = pk + ∆p, (35)
where ∆u and ∆p are the incremental displacement and pressure DOFs, respectively. The corre-
sponding increments for the continuum variables are denoted as ∆u and ∆p.
For the application of Newton-Raphson scheme, the linearisation of the constraint variable C
yields,
C(uk+1, pk+1) ≈ C(uk, pk) + ∂C
∂J
∣∣∣∣
(uk,pk)
J [∇x ·∆u] + ∂C
∂p
∣∣∣∣
(uk,pk)
∆p = 0, (36)
which, after making use of the finite element approximations (23) and the divergence-displacement
matrix in (25), can be rewritten as
∂C
∂J
∣∣∣∣
(uk,pk)
J Du ∆u− ϑNp ∆p = −C(uk, pk), (37)
where, the variable ϑ is defined as
ϑ := − ∂C
∂p
∣∣∣∣
(uk,pk)
. (38)
Following equation (21), we obtain,
for ν = 0.5:
∂C
∂J
∣∣∣∣
(uk,pk)
= 1, ϑ = − ∂C
∂p
∣∣∣∣
(uk,pk)
= 0. (39)
and for ν < 0.5:
∂C
∂J
∣∣∣∣
(uk,pk)
=
1
κ
∂2Ψvol
∂J2
∣∣∣∣
uk
, ϑ = − ∂C
∂p
∣∣∣∣
(uk,pk)
=
1
κ
. (40)
Now, the resulting coupled matrix system for the mixed formulation can be written as[
Kuu Kup
Kpu Kpp
]{
∆u
∆p
}
= −
{
Ru
Rp
}
(41)
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where
Kuu =
∫
Bt
GTu eGu dv, (42)
Kup =
∫
Bt
DTu Np dv, (43)
Kpu =
∫
Bt
∂C
∂J
∣∣∣∣
uk
NTp Du dv, (44)
Kpp = −
∫
B0
ϑNTpNp dV, (45)
Ru =
∫
Bt
BT σ̂(uk, pk) dv − Fext, (46)
Rp =
∫
B0
NTp C(u
k, pk) dV, (47)
and
Fext =
∫
B0
NTu f0 dV +
∫
∂BN0
NTu t0 dA. (48)
In Eqn (42), e is the elasticity tensor of order four, and in the index notation, it is given as,
eijkl =
1
J
FjJ
∂P iJ
∂FkL
FlL + p [δij δkl − δil δjk] . (49)
For the truly incompressible case and for Ψvol = Ψvol3 , the coupled matrix system (41) is symmet-
ric; for the other cases, it is unsymmetric. Thus, requiring a solver for unsymmetric sparse matrix
systems which is expensive when compared to that of symmetric sparse matrix systems, see Duff et
al. [75], Gould et al. [76], Dongarra et al. [77], Pissanetzky [78], Saad [79], Barrett et al. [80],
Nachtigal et al. [81] and Watkins [82], and references therein. This is another motivation behind the
novel mixed formulation discussed in the following section.
5. Proposed mixed formulation
The definition of energy functional similar to the ones for the Lagrangian multiplier (17) and the
perturbed Lagrangian (19) approaches is not straightforward because of the nonlinear nature of the
relation (16) between the pressure and the volumetric energy function. Although we can devise the
following energy functional for the mixed formulation,
ΠOption1(u, p) =
∫
B0
[
Ψdev(C) + p
1
κ
[
∂Ψvol
∂J
− 1
2
p
]]
dV − Πext, (50)
such a functional results in an unconventional form of the effective Cauchy stress as
σ̂ = σ +
1
κ
∂2Ψvol
∂J2
pI. (51)
Therefore, for the variational approach, the energy functional that yields the conventional form of
the Cauchy stress (33) is sought. The energy functional for the proposed mixed formulation should
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be of the form
ΠProposed(u, p) =
∫
B0
[
Ψdev(C) + Ψp
]
dV − Πext, (52)
with Ψp being the corresponding energy function that takes the relation (16) into account. We obtain
Ψp by linearising ∂Ψ
vol
∂J
. With the linearisation of ∂Ψ
vol
∂J
at the (i+ 1)th load step as
∂Ψvol
∂J
(J i+1) ≈ ∂Ψ
vol
∂J
(J i) +
∂2Ψvol
∂J2
∣∣∣∣
Ji
[J i+1 − J i], (53)
where J• = det [F (u•)]. The linearised form of
[
∂Ψvol
∂J
(J i+1)− p
]
can be written as
J i+1 − J i +
∂Ψvol
∂J
∣∣∣∣
Ji
∂2Ψvol
∂J2
∣∣∣∣
Ji
− 1
∂2Ψvol
∂J2
∣∣∣∣
Ji
p = J i+1 − Ĵ − ϑ̂ p, (54)
where
Ĵ = J i −
∂Ψvol
∂J
∣∣∣∣
Ji
∂2Ψvol
∂J2
∣∣∣∣
Ji
; ϑ̂ =
1
∂2Ψvol
∂J2
∣∣∣∣
Ji
. (55)
Since J i and the corresponding quantities are evaluated from the displacement from the previously
converged load step, Ĵ and ϑ̂ are constants for the current load step. Therefore, there is no need for
their linearisations when applying the Newton-Raphson scheme.
Now, the first variation and the associated energy functional for the relation (16) can be written as
δΨp =
∫
Ω
δp
[
J − Ĵ − ϑ̂ p
]
dΩ, (56)
Ψp =
∫
Ω
p
[
J − Ĵ − ϑ̂ p
2
]
dΩ. (57)
Note that the mixed formulation for the truly incompressible case can be recovered from the above
equations by simply setting Ĵ = 1 and ϑ̂ = 0. Moreover, by setting Ĵ = 1 and ϑ̂ = 1
κ
, the energy
functional for the perturbed Lagrangian formulation (19) can also be recovered. Thus, the proposed
formulation not only takes into account the relation between the pressure and the volumetric energy
function for the compressible materials but also is applicable for the truly incompressible case.
The total energy functional for the proposed formulation can now be written as
ΠProposed(u, p) =
∫
B0
[
Ψdev(C) + p
[
J − Ĵ − ϑ̂ p
2
]]
dV − Πext. (58)
The first (δ) and the second (d) variations for the energy functional become
δΠProposed =
∫
B0
[
δFiJ P iJ + δJ p
]
dV +
∫
B0
δp
[
J − Ĵ − ϑ̂ p
]
dV − δΠext (59)
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and
d(δΠProposed) =
∫
B0
[
δFiJ
∂P iJ
∂FkL
dFkL + p d(δJ)
]
dV +
∫
B0
[
δp dJ + δJ dp− ϑ̂ δp dp
]
dV − d(δΠext).
(60)
Using following identities,
δJ = J δui,j δij, (61)
δFiJ = δui,J = δui,j FjJ , (62)
σ̂ij =
1
J
P iJ FjJ + p δij, (63)
and considering the approximations for the solution variables and their variations as
u = Nu u, p = Np p, (64)
δu = Nu δu, δp = Np δp, (65)
du = Nu du, dp = Np dp, (66)
the coupled matrix system can be written as[
Kuu Kup
Kpu Kpp
]{
∆u
∆p
}
= −
{
Ru
Rp
}
(67)
where,
Kuu =
∫
Bt
GTu eGu dv, (68)
Kup =
∫
Bt
DTu Np dv = K
T
pu (69)
Kpp = −
∫
B0
ϑ̂NTpNp dV, (70)
Ru =
∫
Bt
BT σ̂(uk, pk) dv − Fext, (71)
Rp =
∫
B0
NTp
[
J − Ĵ − ϑ̂ p
]
dV. (72)
It is evident from the above equations that the coupled matrix system (67) of the proposed two-
field formulation is always symmetric irrespective of the volumetric energy function, unlike the cou-
pled system (41) of the mixed Galerkin approach which is symmetric only for Ψvol = Ψvol3 .
Remark II: A mixed displacement-pressure formulation that yields symmetric matrix system irre-
spective of the volumetric energy function can also be derived by using complementary potentials to
volumetric energy functions, as discussed in Appendix A. However, such an approach requires apri-
ori knowledge of complementary functions, which are uncommon in the constitutive modelling for
hyperelastic materials. Alternative techniques based on numerical methods for the computation of
complementary potentials and their derivatives pose additional difficulties for the cases with multiple
roots, see Appendix A for a detailed discussion. The disadvantages of such a formulation based on
complementary energy functions are also motivating factors for the proposed formulation.
Remark III: Note that the Lagrange multiplier (δλ) in the displacement-pressure (hybrid) formula-
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tion in ABAQUS [85] is not the same as the independent approximation for the hydrostatic pressure
and it is chosen intrusively to get the symmetric expression for the rate of virtual work (equation
3.2.3-11 in ABAQUS’s theory manual [85]). This makes ABAQUS’s displacement-pressure formu-
lation much more difficult to implement than the proposed formulation. Moreover, ABAQUS’s for-
mulation ignores changes in the volume for the evaluation of the second variation (dδλ, in equation
3.2.3-13 in ABAQUS’s theory manual) which has the potential to deteriorate rate of convergence of
Newton-Raphson iterations, while the proposed formulation poses no such issues since it uses consis-
tent linearisation. Furthermore, ABAQUS uses an artificial numerical constant, ρ (refer to equation
3.2.3-4 in ABAQUS’s theory manual), to overcome solver difficulties while the proposed formulation
is free from such ad-hoc parameters.
6. Comparison with the three-field formulation
In this section, a comparison between the proposed two-field displacement-pressure mixed for-
mulation and the well-established three-field displacement-pressure-Jacobian formulation [2, 16] is
presented. For this purpose, we consider the widely-used Q1/P0 finite element discretisation, in which
it is possible to condense the pressure DOFs out. Other discretisations, for example, P2/P0 [1] or the
recently proposed BT2/BT0 [5], are equally applicable.
6.1. Proposed two-field formulation : A condensed form
For the Q1/P0 element, the coupled matrix of the proposed two-field formulation (67) can be
condensed as
K̂uu ∆u = −R̂u, (73)
where
K̂uu = Kuu −Kup K−1pp Kpu, (74)
R̂u = Ru −Kup K−1pp Rp. (75)
Using Np = 1, Kpp and Rp simplify to
Kpp = −
∫
B0
ϑ̂ dV (76)
Rp =
∫
B0
[
J − Ĵ − ϑ̂ p
]
dV. (77)
Since the pressure is assumed to be discontinuous, the effective stiffness matrix, K̂uu and the effective
residual R̂u can be computed element-wise before assembling into the global stiffness matrix.
6.2. Three-field mixed formulation
For the three-field mixed displacement-pressure-Jacobian formulation, only those quantities that
are relevant to the discussion in the present work are presented here. For comprehensive details on
the three-field formulation, we refer the reader to the works of Zienkiewicz and Taylor [2] or Kadapa
[3].
Considering,
J¯ = 1 + θ (78)
where, θ represents the change in the volume, and by taking approximations for variables u, p and θ
as,
u = Nu u; p = Np p; θ = Nθ θ (79)
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the resulting coupled matrix system for the three-field formulation with the energy functional given
by Eq. (A.1) can be written as,Kuu Kuθ KupKθu Kθθ Kθp
Kpu Kpθ 0

∆u
∆θ
∆p
 = −

Ru
Rθ
Rp
 (80)
where,
Kuu =
∫
B0
BT D¯11 B J¯ dV + KG (81)
Kuθ =
∫
B0
BT D¯12 Nθ dV = KTθu (82)
Kup =
∫
B0
BT m Np J dV = KTpu (83)
Kθθ =
∫
B0
NTθ D¯22 Nθ
1
J¯
dV (84)
Kθp = −
∫
B0
NTθ Np dV = K
T
pθ (85)
Ru =
∫
B0
BT σ˘ J¯ dV − Fext (86)
Rθ =
∫
B0
NTθ [p¯− p] dV (87)
Rp =
∫
B0
NTp
[
J − J¯] dV (88)
with
D¯11 = D¯dev − 2
3
[
m σ¯Tdev + σ¯dev m
T]+ 2 [p¯− p˘] I0 − [2
3
p¯− p˘
]
m mT (89)
D¯12 =
1
3
Idev D¯ m +
2
3
σ¯dev (90)
D¯22 =
1
9
mT D¯ m− 1
3
p¯ (91)
σ˘ = σ¯ + m [p˘− p¯] (92)
p˘ =
J
J¯
p (93)
I0 = diag
[
1 1 1
1
2
1
2
1
2
]
(94)
m = [1 1 1 0 0 0]T . (95)
For the strain energy functions decomposed into deviatoric and volumetric parts, it can be shown
analytically that
D¯12 = 0; and
D¯22
J¯
=
∂2Ψvol(J¯)
∂J¯2
. (96)
See Chapter 4 in Kadapa [3] for the comprehensive details on the derivation of equations (96). Using
the above equations and invoking the constant discontinuous approximation for the Jacobian variable
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and pressure, we obtain the element-wise stiffness matrices as,
Keuθ = K
eT
uθ = 0, (97)
Kepθ = K
e
θp = −V e0 , (98)
Keθθ =
∫
Be0
∂2Ψvol(J¯)
∂J¯2
dV (99)
where, Be0 and V e0 are the domain and the volume of the element, respectively, in the reference con-
figuration.
Now, the condensed form of the coupled matrix system (80), after simplification using the relation
(97), can be written as
K˜uu ∆u = −R˜u (100)
where
K˜uu = Kuu −Kup K˜−1pp Kpu (101)
R˜u = Ru −Kup K˜−1pp R˜p, (102)
in which
K˜pp = −Kpθ K−1θθ Kθp, (103)
R˜p = Rp −Kpθ K−1θθ Rθ (104)
Using Np = Nθ = 1, we obtain
K˜pp = −
∫
B0
1
∂2Ψvol(J¯)
∂J¯2
dV = −
∫
B0
ϑ˜ dV (105)
R˜p =
∫
B0
NTp
[
J − J¯ + 1
∂2Ψvol(J¯)
∂J¯2
[
∂Ψvol(J¯)
∂J¯
− p
]]
dV
=
∫
B0
NTp
[
J − J˜ − ϑ˜ p
]
dV (106)
where
J˜ = J¯ −
∂Ψvol(J)
∂J
∣∣∣
J¯
∂2Ψvol
∂J2
∣∣∣
J¯
; ϑ˜ =
1
∂2Ψvol
∂J2
∣∣∣
J¯
. (107)
Equations (105) and (106) are exactly in the same forms as (76) and (77), respectively, of the
proposed two-field formulation. The only difference between the three-field formulation and the pro-
posed two-field formulation is that, Ĵ and ϑ̂ in the proposed formulation are evaluated from the solu-
tion at the previously converged load step, while J˜ and ϑ˜ in the three-field formulation are evaluated
from the solution at the previous iteration of the current load step. This difference, as demonstrated
with the numerical example in the following subsection, has a negligible effect on the accuracy of
computed numerical results. It is worth pointing out at this stage that the proposed formulation does
not require the computation of any complementary energy functions.
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7. Numerical examples
To demonstrate the accuracy of the proposed formulation, two numerical example are presented.
The first example consists of a cylindrical bar that undergoes a significant axial stretch, rendering it
suitable for the demonstration of accuracy of different mixed formulations in this work. The second
example is the widely-used benchmark example of a 3D block under a compressive load.
7.1. Stretching of a cylindrical bar
The example consists of a circular cylindrical bar of radius 10 units and length 5 units that is
constrained from moving axially on one end and with a prescribed axial displacement on the other
end. Only a quarter portion of the bar is considered for the analysis due to the obvious symmetry in
the geometry and boundary conditions. The geometry of the problem is as shown in Fig. 3a. The
boundary conditions are such that
ux = 0 at X = 0, (108)
uy = 0 at Y = 0, (109)
uz = 0 at Z = 0, (110)
uz = 20 at Z = 5. (111)
The displacement boundary condition is applied in ten increments in all the simulations.
The deviatoric part of the strain energy function is assumed to be the Gent model, as given by
Ψdev = −µ Im
2
ln
(
1− IC − 3
Im
)
(112)
where, µ is the shear modulus and Im is a material parameter that represents the upper limit of
[IC − 3]. The shear modulus is computed from the Young’s modulus (E) and Poisson’s ratio (ν)
using the relation µ = E
2 (1+ν)
. For the volumetric part of the energy function, the function proposed
by Hartmann and Neff [68], Ψvol1 in Table. 1, is considered in this work because this function results
in significantly higher values of pressure for J > 1.5 when compared with other volumetric energy
functions, as shown in Fig. 2; thus, enabling an effective demonstration of key differences in different
mixed two-field formulations.
7.1.1. Comparison with different two-field formulations
The performance of the proposed two-field formulation against the other two two-field formu-
lations is assessed by using the Ladyzhenskaya-Babuska-Brezzi (LBB)-stable BT2/BT1 element [5]
that employs a quadratic Be´zier element for the displacement field and a linear Be´zier element for
the pressure field. We refer the reader to Kadapa [5, 74] for the comprehensive details on Be´zier
elements. The tetrahedral finite element mesh used for the analysis, as shown in Fig. 3b, consists of
6713 nodes and 4300 BT2/BT1 elements.
The Young’s modulus is assumed to be E = 100, and the parameter Im is taken as 30. Three
different values of Poisson’s ratio ν = {0.3, 0.45, 0.4999} are chosen to demonstrate the accuracy of
the proposed scheme in the compressible as well as in the nearly incompressible regime. Note that,
for the truly incompressible case, i.e., for ν = 0.5, all the two-field mixed formulations considered in
this work become identical; hence, requiring no numerical validation.
The accuracy of numerical results is assessed by tracking the displacement and pressure values at
node corresponding to point A (see Fig. 3a). Graphs of Y-displacement and pressure at the node A
against load step number for the three different values of Poisson’s ratio are presented in Fig. 4. The
corresponding contour plots are shown in Figs. 5, 6 and 7. As shown, for all the values of Poisson’s
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ratio, the results obtained with the proposed mixed formulation are in excellent agreement with those
obtained with the Galerkin formulation. On the contrary, the perturbed Lagrangian approach fails to
produce accurate results for ν = 0.3 as the applied displacement is increased beyond 40% of the load,
which corresponds to an axial stretch ratio of 2.6. For the nearly incompressible case (ν = 0.4999),
the results obtained with different mixed formulations match well with each other, as expected. Thus,
the proposed mixed displacement-pressure formulation yields numerical results of the same accuracy
as that of the Galerkin approach while using a symmetric matrix solver.
X Z
Y
R
=
1
0
L=
5
A
(a) Geometry
A
(b) Tetrahedral mesh
A
(c) Hexhedral mesh
Figure 3: Cylindrical bar: (a) geometry of the problem, and (b) and (c) the finite element meshes.
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Figure 4: Cylindrical bar with BT2/BT1 element: evolution of Y-displacement and pressure at node A for
ν = 0.3, ν = 0.45 and ν = 0.4999, obtained with different mixed formulations.
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Figure 5: Cylindrical bar with BT2/BT1 element: contour plots of Y-displacement and pressure for ν = 0.3
obtained with different mixed formulations. In each figure: (left) Galerkin formulation, (centre) perturbed
Lagrangian formulation and (right) proposed formulation.
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Figure 6: Cylindrical bar with BT2/BT1 element: contour plots of Y-displacement and pressure for ν = 0.45
obtained with different mixed formulations. In each figure: (left) Galerkin formulation, (centre) perturbed
Lagrangian formulation and (right) proposed formulation.
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Figure 7: Cylindrical bar with BT2/BT1 element: contour plots of Y-displacement and pressure for ν = 0.4999
obtained with different mixed formulations. In each figure: (left) Galerkin formulation, (centre) perturbed
Lagrangian formulation and (right) proposed formulation.
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7.1.2. Comparison with the three-field formulation
For comparison with the three-field formulation, the widely-used Q1/P0 element is considered in
this work. For the Q1/P0 element in three dimensions, the displacement and pressure are approxi-
mated, respectively, using a trilinear hexahedron element and a constant discontinuous function. The
finite element mesh shown in Fig. 3c consists of 6573 nodes and 5600 hexahedral elements. Similar
to the BT2/BT1 element case, analysis is performed for three different values of Poisson’s ratio under
the same set of loading conditions and material properties. The graphs of Y-displacement and pressure
at node A against load step, as illustrated in Fig. 8, and the corresponding contour plots at the final
deformed configuration as shown in Figs. 9 and 10, prove that the results obtained with the proposed
two-field mixed formulation match very well with those obtained with the three-field formulation.
Table. 2 illustrates that the convergence behaviour of Newton-Raphson iterations for the last load
step using the proposed formulation follows the same trend as that of the three-field formulation.
Iteration
number
ν = 0.3 ν = 0.4999
three-field proposed three-field proposed
1 6.4221 E+03 6.4637 E+03 9.0645 E+05 9.0645 E+05
2 8.7138 E+01 1.3193 E+02 1.6932 E+04 1.6992 E+04
3 6.1248 E−02 8.4520 E−02 2.4512 E+01 2.8163 E+01
4 6.4528 E−08 2.7272 E−07 4.2110 E−05 5.9347 E−05
5 8.3370 E−09 8.5369 E−09
Table 2: Cylindrical bar with Q1/P0 element: convergence of the norm of the residuals for the last load step
with the three-field and the proposed two-field formulations.
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Figure 8: Cylindrical bar with Q1/P0 element: evolution of Y-displacement and pressure at node A for ν = 0.3,
ν = 0.45 and ν = 0.4999, obtained with the three-field and the proposed mixed formulations.
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Figure 9: Cylindrical bar with Q1/P0 element: contour plots of Y-displacement and pressure for ν = 0.3. In
each figure: left) the standard three-field formulation and right) the proposed two-field formulation.
-3.676
-1.838
-5.514
 0.000
disp Y
1061.43
1061.44
1061.41
1061.46
pressure
Figure 10: Cylindrical bar with Q1/P0 element: contour plots of Y-displacement and pressure for ν = 0.4999.
In each figure: left) the standard three-field formulation and right) the proposed two-field formulation.
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7.2. A block under a compressive load
In this example, we demonstrate the accuracy of the proposed formulation against the three-field
formulation using the widely-used benchmark example of a block under a compressible load [3, 5, 83].
The geometry and boundary conditions of the problem are as shown in Fig. 11a. Following Reese et
al. [83], the material model is assumed to be the Neo-Hookean model whose strain energy density
function is given as
Ψ =
µ
2
[IC − 3] +
κ
2
[ln(J)]2 . (113)
The Young’s modulus is,E = 240.565 and the numerical study is carried out for three different values
of Poisson’s ratio, ν = {0.3, 0.45, 0.4999} using four successively-refined finite element meshes as
shown in Fig. 11b. The uniform pressure value applied on the highlighted area of the top surface (see
Fig. 11a) in the negative Z direction is p/p0 = 80 with p0 = 20 units. The load is assumed to be
independent of the deformation and is applied in four uniform increments.
The Z-displacement of point A, referred in the literature as compression level, obtained with
the three-field and the proposed two-field formulations at various load levels is presented in Fig. 12
together with those obtained with three other schemes, Q1SP [83], H8MSGSO [84] and F -bar [6]. As
shown, the results obtained with the proposed two-field formulation are in excellent agreement with
the solutions obtained with other schemes. The compression level obtained for different meshes, and
at different load levels for each mesh, is presented in Figs. 13a and 13b, respectively, for ν = 0.3 and
ν = 0.45. From Figs. 12, 13a and 13b, it is evident that the results obtained with the proposed two-
field formulation are indistinguishable from those of the three-field formulation. The final deformed
shapes of the block along with the element-wise contour plots of the pressure are presented in Figs.
14, 15 and 16, respectively, for ν = 0.3, ν = 0.45 and ν = 0.4999. These contour plots illustrate
that there is a negligible difference in the values of pressure obtained with the proposed two-field
formulation and the conventional three-field formulation.
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uy =
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b
(a) (b)
Figure 11: 3D block: (a) geometry and boundary conditions and, (b) finite element meshes used.
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Figure 12: 3D block: comparison of compression level for different loading conditions for ν = 0.4999. The
reference solution is taken from [5].
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Figure 13: 3D block: comparison of compression level for different loading conditions for (a) ν = 0.3 and (b)
ν = 0.45.
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Figure 14: 3D block: contour plots of element-wise pressure for ν = 0.3. Left) three-field formulation and,
right) proposed formulation.
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Figure 15: 3D block: contour plots of element-wise pressure for ν = 0.45. Left) three-field formulation and,
right) proposed formulation.
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Figure 16: 3D block: contour plots of element-wise pressure for ν = 0.4999. Left) three-field formulation and,
right) proposed formulation.
Therefore, numerical results that are in excellent agreement with the three-field formulation can
be obtained with the proposed two-field formulation. This proves that there is no computational
advantage in using the three-field formulation for hyperelastic materials whose strain energy function
is decomposed into deviatoric and volumetric parts, because of the fact that the coupling terms Kuθ
and Kθu vanish for such material models. Moreover, the proposed formulation results in a simplified
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computer implementation when compared with the three-field formulation which involves evaluation
of complicated expressions of material tensors in equations (89) and (90) at every integration of
every element; such computations are completely avoided in the proposed formulation. Fewer DOFs
and the reduced number of computations at every integration point make the proposed formulation
computationally efficient relative to the three-field formulation.
8. Summary and conclusions
In this contribution, we have presented a generalised two-field mixed displacement-pressure for-
mulation that not only is applicable for simulating the truly incompressible materials but also is
consistent in the compressible regime. The proposed formulation yields symmetric matrix systems
irrespective of the volumetric part of the energy function, and it does not require complementary
functions.
By recasting the three-field formulation as a two-field formulation, it is shown that the proposed
two-field formulation is approximately equivalent to the three-field formulation. First, the accuracy
of the novel mixed formulation is demonstrated using the LBB-stable BT2/BT1 element with the ex-
ample of a cylindrical bar for three different values of Poisson’s ratio, encompassing the compressible
and the nearly incompressible regime. Later, with the widely-used Q1/P0 discretisation, the ability
of the proposed two-field formulation in computing numerical results that are in excellent agreement
with the three-field mixed displacement-pressure-Jacobian formulation is demonstrated.
From the presented numerical results, it can be concluded that the proposed two-field mixed
displacement-pressure formulation is a simplified and efficient alternative for the three-field formula-
tion for hyperelastic material models whose strain energy functions are decomposed into deviatoric
and volumetric parts. The fact that it is also applicable for the truly incompressible materials makes
it a unified formulation for compressible as well as incompressible hyperelastic constitutive models
and their extensions to thermoelasticity, viscoelasticity, electromechanics and magnetomechanics.
It is important to emphasize that the proposed formulation is not limited to the Q1/P0 discreti-
sation. This novel formulation can be used with any combination of finite element spaces for the
displacement and pressure fields, as demonstrated with the BT2/BT1 element in this paper. For shell
problems that experience shear-locking issues, the proposed formulation can be used with higher-
order discretisations, for example, BT2/BT0 and BT2/BT1 elements as presented in [5].
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Appendix A: Mixed displacement-pressure formulation using complementary energy functions
With displacement, u; Jacobian (or the determinant of the deformation gradient), J ; and pressure,
p, as independent variables, the three-field Hu-Washizu type energy functional (see [2]) can be written
as,
ΠHW(u, p, J¯) =
∫
B0
Ψdev(Ĉ) + p J + Ψvol(J¯)− p J¯︸ ︷︷ ︸
Γ(p)
 dV − Πext (A.1)
where,
Ĉ = F̂ T F̂ and J¯ = det(F̂ ) with F̂ =
(
J¯
J
)1/3
F . (A.2)
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Γ(p) in Eq. (A.1) is called as the complementary energy functional (or the dual thermodynam-
ical potential) to the volumetric potential Ψvol(J¯) [87]. For the given Ψvol(J¯), Γ(p) is obtained by
employing a Legendre transformation between the conjugates J¯ and p, as given by
Γ(p) = inf
J¯>0
{Ψvol(J¯)− p J¯}. (A.3)
Using Γ(p), the energy functional for the displacement-pressure formulation is given by
ΠCompPot(u, p) =
∫
B0
[
Ψdev(C) + p J + Γ(p)
]
dV − Πext. (A.4)
The following relations hold the for the variables J and p, and energy potentials Ψvol and Γ.
p =
∂Ψvol
∂J
; and J = − ∂Γ(p)
∂p
. (A.5)
The procedure described up to this point illustrates that it is possible, with limited scopes, to obtain
a two field formulation in terms of displacements and pressure departing from a three field mixed for-
mulation. However, the process has several shortcomings. The crucial step involved in the derivation
of mixed formulations using complementary energy functions is the evaluation of complementary
energy functions themselves. This is because of the fact that the volumetric energy functions, but
not their duals, are the de-facto energy functions developed in constitutive modelling for hyperelastic
materials, see Hartmann and Neff [68] and Moermann et al. [67] for details.
For the case of Ψvol3 =
κ
2
[J − 1]2, we may obtain
p = κ [J − 1], (A.6a)
J(p) = 1 + p/κ, (A.6b)
Γ3(p) = −p
[
1 +
p
2κ
]
. (A.6c)
While the closed-form expressions for the dual potentials might be derived for a few simple vol-
umetric functions as discussed above, such derivations are not possible for complicated volumetric
energy functions encountered in practice, for example, Ψvol1 , Ψ
vol
2 , Ψ
vol
5 and the ones proposed recently
in Moerman et al. [67]. For a complicated volumetric function, the dual potential and its derivatives
with respect to pressure must be obtained numerically using an iterative technique, for example, a
Newton-Raphson scheme. This, of course, is not straightforward due to the difficulties associated
with Newton-Raphson scheme in finding the correct root for the cases in which the relations (A.5)
may have multiple roots. Moreover, there are numerous volumetric energy functions available in the
literature. Hence, the development of a computational framework by analysing energy functions case
by case is obviously not elegant. Therefore, albeit displacement-pressure mixed formulation based
on the dual potentials yields symmetric matrix systems irrespective of the dual potential, the diffi-
culties associated with the computation of the dual potentials and their derivatives further warrant
the development of a generalised formulation that avoids complementary potentials altogether. The
formulation proposed herein is one such an approach.
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